SQUARE-INTEGRABLE COACTIONS 
OF LOCALLY COMPACT QUANTUM GROUPS 



ALCIDES BUSS AND RALF MEYER 

Abstract. We define and study square-integrable coactions of locally com- 
pact quantum groups on Hilbert modules, generalising previous work for group 
actions. As special cases, we consider square-integrable Hilbert space corep- 
resentations and integrable coactions on C*-algebras. Our main result is an 
equivariant generalisation of Kasparov's Stabilisation Theorem. 



1. Introduction 

This article generalises previous work for group actions by Marc Rieffel and the 
second author in [131115] to coactions of locally compact quantum groups. First we 
briefly explain the results for group actions we are going to generalise. 

Square-integrable group representations have played an important role in repre- 
sentation theory for a long time. Roughly speaking, a unitary representation tt of 
a locally compact group G on a Hilbert space Ti is square-integrable if there are 
enough vectors £,rj £ H for which the function c^ n (g) := (^giOiV) belongs to the 
Hilbert space L 2 (G), defined using a left invariant Haar measure on 67. Irreducible 
square-integrable representations behave in many respects like irreducible represen- 
tations of compact groups: they are strongly contained in the regular representation, 
and the coefficients c^ n satisfy orthogonality relations reminiscent of the relations 
in the Peter-Weyl Theorem — except that the modular function complicates the 
formulas for non-unimodular groups. 

The definition of c^ n makes perfect sense if £ and r\ are elements of a Hilbert 
-B-module, where B is some C*-algebra with a continuous action of G. Square- 
integrability requires this coefficient to belong to the Hilbert B- module L 2 (G,B). 
The main general result about square-integrable group actions on Hilbert modules is 
that a countably generated 67-equivariant Hilbert B-module £ is square-integrable 
if and only if 

£®L 2 (G,B)°° ^i 2 (G,B)°°. 

This is an equivariant analogue of Kasparov's Stabilisation Theorem and generalises 
the relationship between square-integrable Hilbert space representations and the 
regular representation. 

A group action f3 on a C*-algebra B is integrable if there is a dense subspace of 
positive elements x £ B + for which the integral J G P g (x) dg converges (uncondition- 
ally) in the strict topology. This notion is closely related to square-integrability. A 
group action on a Hilbert module £ is square-integrable if and only if the induced 
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action on K(£) is integrable. As a consequence, an action on a C*-algebra B is 
integrable if and only if B is square-integrable as an equivariant Hilbert module 
over itself. 

An action on a commutative C*-algebra Cq(X) is integrable if and only if the cor- 
responding action on X is proper (see |15j). But for non-commutative C*-algebras, 
integrability is more closely related to stability than to properness. The equivariant 
stabilisation theorem forces the diagonal action on £®L 2 (G) to be square-integrable 
for any Hilbert module £, so that the diagonal action on B ® K(L 2 G) is integrable 
for any C*-algebra B. Furthermore, dual actions and actions of compact groups 
are integrable. 

In this article, we are going to extend these results to coactions of locally compact 
quantum groups. Group actions become coactions of the locally compact quantum 
group (C (G), A) with A(f)(x, y) := f(x ■ y) for all x, y £ G, / £ C (G). 

The main new difficulty is that the straightforward relationship between Co(G), 
L 2 (G), and C*(G) becomes less transparent. Let (Q, A) be a locally compact quan- 
tum group. Then Q corresponds to Cq(G). The analogue of L 2 (G) is the Hilbert 
space C associated to a left invariant Haar weight on Q. It is related to Q by a 
densely defined, closed, unbounded linear map with dense range 

A: Q D dom(A) -» £, 

which is characterised by the condition (A(x),A(y)) = ip{x*y) for all x, y £ dom(A), 
where tp denotes the left invariant Haar weight on Q. In the group case, A is the 
"identical" map that views a function in dom(A) = Cq(G) D L 2 (G) C Cq(G) as 
an element of L 2 {G). The reduced group G*-algebra C*(G) corresponds to the 
dual quantum group Q. This has its own left invariant Haar weight tp, and the 
corresponding Hilbert space may be identified with C. This involves another densely 
defined, closed, unbounded linear map with dense range 

A: Q D dom(A) -> L. 

In the group case, dom(A) contains L 1 (G) (~lL 2 (G), viewed as a subspace of C*(G), 
and maps it "identically" to L 2 {G). 

Using the unbounded linear maps A and A, we carry over the theory of square- 
integrable Hilbert space representations of groups to corepresentations of (Q, A) on 
Hilbert spaces in Section[3] To prove that these corepresentations have the expected 
properties, it is convenient to view them as representations of the (universal) dual 
quantum group of (Q, A). The resulting notion of square-integrable representation 
is a special case of a definition by Francois Combes [5]. 

Our proof of the orthogonality relations for irreducible square-integrable corep- 
resentations follows [T5] : the crucial ingredient is the equivariant bounded operator 
: H ~ * C associated to a square-integrable vector ( 6 H, where H is a Hilbert 
space with a coaction of (Q, A) and C is equipped with the left regular corepre- 
scntation of (Q,A). This construction implies immediately that square-integrable 
irreducible corepresentations embed isometrically and equivariantly into the left 
regular corepresentation. 

For compact quantum groups, square-integrability is no restriction, and our the- 
ory specialises to the familiar orthogonality relations for irreducible corepresenta- 
tions of compact quantum groups that appear in the Peter- Weyl Theorem. 

We study integrable coactions on G*-algebras in Section 0J The main ingredient 
in the definition is the densely defined, unbounded linear map 

ids ®V- M{B®g) D dom(ids <8> f) -> M{B) 

described in [TU]. We call a positive element x £ B + integrable with respect to 
a coaction A^ of (Q, A) on B if Ab(x) belongs to the domain of ids <f- The 
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coaction is integrable if the set of positive integrable elements is dense in B + . 
It follows from the left invariance of the Haar weight that the range of ids ® cp con- 
sists of (y-invariant multipliers only. The most important example of an integrable 
coaction is the coaction A of Q on itself. Using some general permanence properties 
of integrability, this example implies that stable coactions and dual coactions are 
integrable. Here stable coactions are coactions on W[B CS> £), where we equip the 
Hilbert £>-module B <g) C with the diagonal coaction, using the left regular coaction 
on C. 

Both square-integrable Hilbert space corepresentations and integrable coactions 
on C*-algebras are special cases of square-integrable coactions on Hilbert modules, 
which we introduce in Section [5] Let £ be a Hilbert -B-module with a coaction Ag 
of (Q, A). We define the coefficient c^ v G M(B <g> Q) for £, 77 G £ by 

c in := Ag(0*(*?®le). 

We call £ square-integrable if this belongs to the domain of the densely defined 
unbounded map ids ® A: M(B ® Q) D dom(ids ® A) — > B ® C for all 77 G 5; the 
latter map is also described in [10] . The Hilbert module £ is called square-integrable 
if square-integrable elements are dense. 

We check that £ G £ is square-integrable if and only if the compact operator \£) (£| 
is integrable with respect to the coaction on K(£) induced by the coaction on £ . 
This allows us to carry over many results on integrable coactions on C*-algebras. In 
particular, we conclude that £ ® C with the diagonal coaction is square-integrable 
for any £ . We also establish that the operator : £ — ► B ® C that is defined for 
square-integrable £ by ((£|(?7) = (id(g) A)(c^) is adjointable and C/-equi variant, and 
we describe its adjoint. 

As a consequence, a square-integrable Hilbert module admits many equivariant 
adjointable maps to the standard Hilbert module B ® C. This together with an 
idea by Mingo and Phillips (see [14]) is the main ingredient in our proof of the 
equivariant stabilisation theorem, which occupies Section [5] It asserts that a count- 
ably generated (/-equivariant Hilbert £>-module £ is square-integrable if and only 
if there is an equivariant isomorphism 

£ ® B ® C°° C°°. 

Here B ® C carries the diagonal coaction using the left regular corepresentation 
on C. Thus B ® C plays the role of L 2 (G, B) in the group case. 

2. Preliminaries on locally compact quantum groups 

We use the theory of locally compact quantum groups developed by Johan 
Kustermans and Stefaan Vaes in [TUlflT] throughout this article. In this section, we 
fix our notation and recall some important facts that we shall need repeatedly. 

The theory of square-integrable group representations is based on a close relation- 
ship between the spaces Cq(G), C*(G), and L 2 (G). Let /: G — > C be a continuous 
function with compact support. Such a function can play at least three different 
roles. First, we may view / as an element of the C*-algebra Cq(G) of continuous 
functions on G vanishing at infinity. Secondly, we may view / as an element of the 
reduced group C*-algebra C*(G). And thirdly, we may view / as an element of 
the Hilbert space L 2 (G) = L 2 (G,dx) of square-integrable functions on G; here da: 
denotes a left invariant Haar measure on G. More formally, the comparison of these 
three different roles provides us with densely defined, closed, unbounded operators 
between the Banach spaces Co(G), L 2 (G), and C*(G). We shall need a quantum 
group generalisation of these unbounded operators. 
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Let Q be a locally compact quantum group and let Q be its dual. Their quantum 
group structures are encoded by comultiplications 

A:G -> M{G®G), A: Q -> M(G®G), 

where M. denotes multiplier algebras and ® spatial C* -algebra tensor products. A 
basic requirement in [TUj is the existence of left and right invariant faithful proper 
weights on Q which satisfy a KMS condition; the existence of such weights for the 
dual follows. We denote the left invariant Haar weights on Q and Q by tp and (p. 

Any proper weight on a C* -algebra gives rise to a Hilbert space representation 
by a generalisation of the Gelfand-Naimark-Segal construction (see [1]). When we 
apply this to the weight tp, we get a Hilbert space C, a faithful ""-representation 
of G on C, which we simply denote by left multiplication 5 x £ -» £, (x, rj) i— > x • rj, 
and a closed unbounded linear map A between dense subspaces of G and C. 

Actually, we mainly use the extension of A to the multiplier algebra. The 
weight <p extends uniquely to a strictly lower semi-continuous weight on A4(G), 
which we still denote by <p. We let 

(2.1) domA := {x e M(G) | <p{x*x) < oo}. 
There is a linear map A : dom A — -> C that satisfies 

(2.2) (A(x),A(y))=ip(x*y) for all x, y e dom A, and 

(2.3) A(xy)=x-A(y) for all x G M{G), y 6 dom A. 

The map A above is closed, densely defined, and has dense range with respect to 
the strict topology on M.(G) and the norm topology on C. Its restriction to G itself 
is closed, densely defined, and has dense range with respect to the norm topologies 
on both G and C. 

Notice that unlike in PHE] our Hilbert space inner products are linear in the 
second variable — this is standard for Hilbert modules. 

In the group case, we have G — Cq(G) and C = L 2 (G), where we tacitly use 
the left invariant Haar measure on G. Then domA = Cq(G) L 2 (G), viewed as a 
subspace of Cq(G), and A maps this "identically" to a subspace of L 2 (G). 

If G is compact, then A is everywhere defined and bounded, that is, Cq(G) = 
C(G) is contained in L 2 (G). This observation generalises to a characterisation for 
compact quantum groups: 

Remark 2.4. A quantum group G is compact if and only if the Haar weight ip is 
bounded, if and only if A is a bounded linear map Q — ► C. 

The quantum group structure on G may also be encoded using a multiplicative 
unitary. This is the unique unitary operator W on the Hilbert space tensor product 
C® £ that satisfies 

(2.5) W*(A(x) (g> A(y)) = (A ® A)(A(j/) • (x <g> 1)) for all x, y e dom A. 
Then 

(2.6) A(x) =W*{1® x)W for all xeG, 

where we view both sides as operators on C. 

Let G* be the dual Banach space of bounded linear functionals on G- Let B(£) 
be the algebra of bounded operators on C. We define a map 

X:G*^M(C), cj (w®id)(W) 

as in [111 §1.1]. This becomes an algebra homomorphism if we equip Q* with the 
convolution product to-kr/ := (u) (E)rj) o A for u>, 7] G G', here we have tacitly extended 
uj ® ij to a strictly continuous linear functional on A4(G ®G)- 
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In the group case, Q* is the Banach space of bounded measures on G; the map A 
lets a measure act on L 2 (G) by convolution on the left; and * is the usual con- 
volution of measures. To get C*(G), we must restrict attention to the subspace 
i 1 (G) of measures that are absolutely continuous with respect to the Haar mea- 
sure. Something similar happens in the quantum group case. 

If a, b G Q, then we define possibly unbounded linear functionals b ■ if, if ■ a, and 
b ■ tp ■ a on Q by 

b ■ tp(x) '■= tp(xb), tp ■ a(x) := tp(ax), b ■ tp ■ a(x) := tp(axb). 

The functional b ■ tp ■ a is bounded if a* , b G dom A because 

(2.7) b-tp-a{x) = (A(a*),x-A(b)) for all a*, b e domA, x e Q. 

Let L X (Q) C 5* be the closed linear span of the set of functionals b ■ <p ■ a* for 
a, b G domA. 

We define an unbounded linear operator /i from Q to L}(Q) C £/* by letting 
a; G dom a <^=> x • tp is bounded and belongs to L}(Q) C 5* 

(2.8) 

/i(x) ■= x ■ tp for all x G dom/i. 

It is easy to see that this operator is closed. We will see below that it is densely 
defined and has dense range. 

The G*-algebra Q is, by definition, the closure of A(L 1 (^)) in B(£). Its comul- 
tiplication is defined by 

(2.9) k(x):=W*(l®x)W with W '.= YW*Y,, 

where E flips the two tensor factors in C® C. 

Remark 2.10. Since the von Neumann algebra generated by Q in M(C) is in standard 
form (see [THl 10.15]), all normal functionals on it are vector functionals by [TTI 
Theorem V.3.15]). Therefore, any element of L 1 ^) is of the form x i— > (r],xw) for 
some rj, u> S C This generalises the fact that any function in ^(G) is a product of 
two functions in L 2 (G). 

Recall that tp is a KMS weight with respect to the modular automorphism group 
a: R x Q — > Q, which is determined uniquely by the weight tp. Extending a analyt- 
ically from R to C, the KMS condition implies 

(2.11) tp(yx) — <y2(xer_i(y)) for all y G domcr_;, x G domtp 
(see [TUJ Proposition 1.12.(3)]). Briefly, we have 

(2.12) y ■ tp = tp ■ <j—i(y) for all y G dom<r_i. 

It follows that the functionals b ■ tp and tp ■ a, and b ■ tp ■ a are densely defined for 
all a,b G Q. Moreover, ab ■ tp(x) — (b- tp - <r_i(a)) (x) = (A(6*), x • A(er_ia)), so that 
ab ■ tp belongs to L 1 ^) C Q if b* G domA and a G dom(A o cr_i). 

The subsets of ab ■ tp and of ab with a, 6 as above are dense in L 1 ^) and in Q, 
respectively. This shows that the operator /i: Q D dom/i — » L 1 ^) above is densely 
defined and has dense range. 

We also get a densely defined unbounded linear map A from Q to C by 

A(A(x • tp)) := A(x) for x G dom/i 

(we have dom/i C domA). More precisely, we let A be the closure of this linear 
map, which is a densely defined closed linear operator from Q to C. 



6 



ALCIDES BUSS AND RALF MEYER 



This definition of A is equivalent to the one in [TTJ page 75] . As a consequence, 
A together with the identical representation of Q on £ is a GNS construction for 
the Haar weight if on Q, that is, 

(2.13) 0(x*y) = (k(x),A(y)), A(ay) = a(A(y)) 
for all x,y G domA, a G Q C B(£). In particular, 

(2.14) <p(\(x ■ v)* ■ X(y ■ <p)) = (A(x), A(y)) = ip{x*y) 
for all dom//. 

In the group case, x <— > x ■ <p is the standard way to map a function on G to a 
measure on G. Both /i and A extend "identical" maps on suitable dense subspaces: 
fi is the identical map from Cq(G) (~l i 1 (G) viewed as a subspace of Co(G) to the 
same space viewed as a subspace of L X (G), and A extends the identical map from 
L 1 (G)nL 2 (G) viewed as a subspace of C*(G) to the same space viewed as a subspace 
of L 2 {G). 

Remark 2.15. Let Q be compact, so that A is bounded. If x G dom/x, then 

|M| = sup{M2/*)| I yeff, II3/N < 1} = sup{KA(t/),A(x)}| | y e 0, Hvll < 1} 
< ||A|| • s W {\(A(y),A(x))\ \yeg, \\A(y)\\ < 1} = ||A|| • ||A(x)||, 

where we used the definition of the norm on Q* , the relation xip(y*) — (A(y), A(x)), 
and Riesz' Theorem for the Hilbert space £. Since A(dom/i) is dense in £, it follows 
that there is a bounded map C — > i 1 (5) that maps A(A(w)) to for all w G ^(Q). 

Since any discrete quantum group is the dual of a compact one, this shows that 
the map A: Q D domA — * C is the inverse of a bounded map A -1 : C — * ^ for any 
discrete quantum group 5- 

Recall that a (right) corepresentation of on a Hilbert space H is a unitary 
operator J7 on the Hilbert ^-module H<E>G that satisfies (id« ® A)([/) = U12 ■ U13, 
where we use the standard leg numbering notation. This generates a (right) coaction 

(2.16) Ajj: H -> M{H® Q) :=B(g,H <Z> G), rj^U^^lg). 

Conversely, any coaction on Ti, with the usual properties comes from a unique corep- 
resentation U (see [TJ Proposition 2.4]). We will mainly use right corepresentations 
and right coactions in this article. 

A right corepresentation of Q yields a left C?*-module structure via 

(2.17) oj*u?] := (id®w)(A v (v)) = ( id ® u)(U{v ® 1)) = : (id ® w)(f/)(r?). 

This module structure is always non-degenerate. The universal locally compact 
quantum group (Q UJ A u ) associated to the reduced locally compact quantum group 
(G, A) is defined by the universal property that its non-degenerate *-representations 
correspond exactly to right corepresentations of G, see [S]. 

In the group case, a strongly continuous unitary group representation tt of G 
on Ji is encoded either by the corepresentation 

U: C (G,H) - C (G,H), (Uf)(g) := 7r 9 (/( 5 )), 

or by the coaction 

A^: W^C b (G,H), (A^)( 9 ) := 7r g (77). 
The integrated form defined above lets a measure u> act by u> * rj = J G ir g (ri) duj(g). 

The universal dual quantum group Gu is the full group G*-algebra, whereas G itself 
is the reduced group G*-algebra of G. 

The left regular corepresentation of G on C is a crucial example for us: it is 
the paradigm of square-integrability. As a right corepresentation, it is the unitary 
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EWE, where W is the multiplicative unitary of Q described in (|2.5p , but viewed as 
an adjointable operator on the Hilbert ^/-module Q (g> C, and £ is the isomorphism 
C (g> Q <-> Q <g> C that flips the tensor factors. The corresponding right coaction A\ 
is 

(2.18) A A (r?) = EW(1 <g> r?) for all r; G £. 

Let uj-k\x for we?*, i££ denote the resulting non-degenerate left C?*-module 
structure on C. The module structure *\ determines a *-representation of Q, not 
just of Q u . This is the left regular representation A we used to define Q, that is, 

(2.19) uj-kx-q = \{uf)(rf) for all w € G*, r? € £. 
This follows from the computation 

uj * A rj = (id ® uj) o E o W(l ® 77) = (w ® id) (W(l ® 77)) 

= ((w®id)(W))(»j) = A(w)(»j). 

We return to the regular representation. The Ze/i regular representation A of 
the dual quantum group Q on £ is described either by X(oj) = (uj ® id)(W) as 
above or by A(w)(A(x)) = A(wx) for all a; G Q, x G domA. Let T be the closure 
of the unbounded conjugate-linear operator on C defined by T[K(xy\ := A(a;*) if 
x,x* G domA. This operator admits a polar decomposition 

(2.20) f = JV 1/2 = V- 1/2 J 

for some conjugate-unitary J, called modular conjugation, and a positive unbounded 
operator V on C, called the modular operator of the KMS weight ip. This operator 
is closely related to the modular automorphism group a of Q: 

(2.21) V is X{uj)V-' ls = X(a s {w)) 

for all s G C, uj G domcr s . 

The right regular anti-representation of C? is the map 

(2.22) p-.g^M(C), uj^JX{ujyj, 

which satisfies p(x*) — p(x)* and p(xy) — p(y)p(x) for all x,y G Q. It can be 
turned into a representation using the unitary antipode of Q. Its range Q c := JQJ 
is the C* -commutant of 5, which is a locally compact quantum group in its own 
right (see [IT]). We use (ET2Tj) and ([2~2"U1) to compute 

p(w*)A(a;) = JX(uj)JA(x) = JV 1/2 A(<7 i/2 H)V- 1/2 JA(x) 

= f X{a i/2 {uj))fk(x) = k(x ■ a i/2 (uj)*) = k(x ■ a_ i/2 (uj*)) 
provided x,x* G domA and lu G domcrj/ 2 (then x ■ CT_j/2(w*) G domA). As a result, 

(2.23) p(jji/2(u))) A(x) = A(x • w) for all w G domiTi/2, 2^ G domA. 
See also [TQl Proposition 1.12.(2)]. 

3. Square-integrable Hilbert space representations 

In the Hilbert space case, it makes essentially no difference whether we study 
corepresentations of Q or representations of Q n . The latter point of view has the 
advantage that square-integrable representations in this context are a special case 
of a general notion due to Frangois Combes [5]. Here we recall this definition, 
check that the left regular representation is square-integrable, and establish the 
orthogonality relations for coefficients of square-integrable representations. Our 
proofs follow those by Marc Rieffel in [T5] . 
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The universal dual Q u has its own Haar weight and corresponding GNS construc- 
tion. Actually, we get these by composing the corresponding maps for Q with the 
canonical quotient mapping Q n — » Q (see [5]). Therefore, we denote the Haar weight 
on Q n by (p as well, and we still write A for the unbounded map from Q u to the 
Hilbert space C. The C*-algebra Q u with the left ideal domA and the sesquilinear 
form (x, y) i— ► <p{y*x) is a left Hilbert system in the notation of [5]. 

Let U £ A4(TL ® Q) be a corepresentation of Q on a Hilbert space Tt, and let 
Pu-Gu^ B(W) be the corresponding * -representation of Q u . 

Definition 3.1 (0 §1-4]). Let a, (3 £ TL. The coefficient c a p of the representa- 
tion pu is the linear functional 

Q n — >C, x h-> (P,pu(x)a). 

(Notice that our inner products are linear in the second variable.) 
This coefficient is called square-integrable if there is r £ R>o with 

\c a p{x)\ 2 <r-0(x*x) = r- \\A(x)\\ 2 c . 

In this case, A(ir) i— > c a p(x) extends uniquely to a bounded linear functional on C. 
This is of the form c Q ^(x) = (c Q ^, A(x)) for some c a p G £ by Riesz's Theorem. 

Definition 3.2. We call a square-integrable (with respect to U) if c a p is square- 
integrable for each ft £ TL. We call a U -bounded if if there is r £ M>o with 

\\pu(x)(a)\\ 2 < r ■ ||A(a;)||| = r • <p{x*x) for all x £ domA. 

We let ?i S i C H be the subset of square-integrable vectors. 

The corepresentation U is called square-integrable if the subspace 7i s j of square- 
integrable vectors is dense in Ti. 

Lemma 3.3 (0 §1.4]). A vector is U -bounded if and only if it is square-integrable. 

Proof. It is clear that bounded vectors are square-integrable. 
Conversely, if a £ Ti. s i, then there is a linear map 

(3.4) {(a\:H^£, (3 ~ c a/3 . 

Since its graph is closed, it is bounded. Let \a)) := ((a\* : C — * H be its adjoint. 
We have 

(3.5) |a))(A(x)) = pu{x)(a) for all x £ dom A 

because (f3, pu(x){a)) = c a p(x) = (c a p,k(x)) = (((u\(3 . k(x)) = ((3,\a))A(x)). 
The boundedness of |a)) means that a is [/-bounded. □ 

The operators |a)) and {{a\ introduced in the proof of Lemma 13. 31 are the corner- 
stones of the general theory of square-integrable representations. 

Since A factors through the projection Q u — > Q, Lemma 13.31 implies that any 
square-integrable representation of Q n factors through Q u — > Q, so that it is already 
a representation of Q. Therefore, we may replace (J u by Q in the following. 

Lemma 3.6. Let a £ TL a {. The operators \a)) : C — > Ti and ((a\ : TL — > C intertwine 
the corepresentation U and the left regular corepresentation on C. 

Recall that an operator T : TL — > £ is called an intertwining operator for the 
coactions Ay and Aa if A\(Tx) = (T (g) id) o Ajj(x) for all x £TL. 

Proof. The operator \a)) is a left 5-module homomorphism by (|3.5j) . So is its ad- 
joint ((a| because the representations of Q on TL and C are involutive. But the 
(/-module homomorphisms with respect to the integrated forms of two corepresen- 
tations are exactly the intertwining operators. □ 
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Lemma 3.7. The left regular corepresentation of Q on C is square-integrable. 

Proof. Let a denote the modular automorphism group of the weight (p on Q and 
let p be the right regular anti-representation of Q defined in (|2.22[) . Equation (|2.23|) 
yields 

\k{x)))K{a) = A(oar) = p(a i/2 (x))K{a) 

for all a G dom A, x G dom Andomo - ;^- Since p is an isometric *-anti-representation 
of Q, this shows that |||A(x)))|| = ||<7j/ 2 (£)|| < oo for all x G domA n domirj^, 
so that these vectors are A-bounded and hence square-integrable. Since A maps 
dom A (~l domo-i/2 to a dense subspace of C, the square-integrable vectors are dense 
for the left regular corepresentation. □ 

Theorem 3.8. A Hilbert space corepresentation is square-integrable if and only if 
it is a direct sum of sub-corepresentations of the left regular corepresentation, if and 
only if its integrated form Q u — > M(7i) extends to a normal * -representation of the 
von Neumann algebra completion of Q . 

Proof. It is easy to see that square-integrability is inherited by sub-corepresentations 
and direct sums. Hence Lemma 13.71 shows that direct sums of sub-corepresentations 
of the left regular corepresentation are square-integrable. 

Conversely let U be a square-integrable corepresentation on a Hilbert space H. 
Any £ G H s i yields a non-zero equivariant linear operator : C — > H. The partial 
isometry from its polar decomposition is equivariant as well and identifies a non- 
zero sub-corepresentation of H with a sub-corepresentation of C. Now we use Zona's 
Lemma to complete the proof: there is a maximal set of orthogonal, non-zero 
^-invariant subspaces (Hi)iei such that the restriction of U to each Hi is unitarily 
equivalent to a sub-corepresentation of the left regular corepresentation. If (J) Hi 
is not yet all of H, then its complement contains a square-integrable vector, which 
yields a sub-corepresentation that we may add to our set of subspaces, contradicting 
maximality. Hence (J) Hi = H. 

Of course, the left regular representation of Gu on C extends to a normal "-repre- 
sentation of the von Neumann algebra completion X(Q)" . This remains true for any 
direct sum of sub-corepresentations of the left regular corepresentation and hence 
holds for any square-integrable corepresentation. Conversely, it is well-known that 
any such normal "-representation of X(Q)" may be decomposed as a direct sum of 
subrepresentations of the standard representation. □ 

Lemma 3.9. Let £ G H s i and let u> G Q* C A4(Q). If u> G domffy,, then 

Pu(u)(0 = e Hsi with = |0) /o(o-i/ 2 (^))- 

Here p denotes the right regular anti- representation on C defined in (|2.22|) . 
Lemma 13.91 may be proved using the same ingredients as for Lemma 13.71 We 
omit the details because this is a special case of Lemma 15.301 below, anyway. 

Now let U and U' be two irreducible corepresentations of Q on Hilbert spaces H 
and H' . The orthogonality relations for coefficients of square-integrable representa- 
tions describe the inner products (c Q /3,c 7 5) for a G H S i, (3 G H, 7 G H' si , S G H' . 
Using the operators just introduced, we can rewrite this as 

(c^s) - (({am, « 7 |W) = (0, H)«7l(<5))- 

Proposition 3.10 (First Orthogonality Relation). IfU and U' are non- equivalent 
irreducible corepresentations of Q, then (cap^c-ys) = for all a G H s i, (3 G H, 
7 G H' sU S G H'. 
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Proof. The (J-equivariant operator |a))((7| : TL' — > TL vanishes because U and U' are 
not equivalent. □ 

The second orthogonality relation deals with the more interesting case TL = TL' 
and U = U'. In that case, Schur's Lemma implies that |a}}((7| is a scalar multiple of 
the identity map. Thus there is a sesquilinear form s on TL s i with \a)}(( , y\ = s(a,j) 
for all a, 7 £ TL al . Since the representation of Q on TL is non-degenerate, |a)) = 
implies a = by (|3.5p . Hence s(a, a) > for all a £ 7i s i with a ^ 0. 

Consequently, there is a positive, self-adjoint, unbounded operator K on with 
keri-T = {0} and s(a, 7) = (7,if _1 o;} for all a, 7 £ 7"4i- That is, 

<Ca/9, = <A (7, K-'a) ■ S) = (0, S) ■ (7, K- l a) = (0, S) ■ (K^j, K~^a) 

for all a, 7 £ H s i, 0,5 eTL. Taking a = 7 and = S, we see that 7Y s i = domif _1 / 2 . 

The positive operator K plays the role of the formal dimension for the square- 
integrable representation U, compare [15, §8] for the case of group representations. 
It remains to describe K or, equivalently, K~ l more explicitly. This involves the 
modular theory of Q. 

Since ^ for square- integrable £ 7^ and | £))((£ I is a scalar multiple of the 
identity map, we may choose an auxiliary square-integrable vector £ £ TL s i with 
I £))((£ I = i&H- Equivalently, : TL — > £ is an isometry. 

Theorem 3.11 (Second Orthogonality Relation) . Let Q be a locally compact quan- 
tum group, let TL be a Hilbert space, and let U be an irreducible square-integrable 
corepresentation of Q on TL. Let a, 7 £ TL s i, 0,5 £ TL, and choose £ £ TL s i with 
10) ((CI — id-H- Let V: C 2 dom(V) — > £ 6e £/ie modular operator of the KMS 
weight ip on Q . Then 

(c a0 ,c 7 s) = (0,S) ■{K- 1 / 2 1 ,K- 1 / 2 a) 

with the positive unbounded operator 

K-i = M\\- 2 \0)oV-io((t\:H^H. 

The operator K is independent of the auxiliary vector £. 

Proof. Our main task is to relate the matrix coefficients c a p and cp a . It follows 
easily from the definition that 

Cot/s (a;) = (0,pu{x)a) = (pu(x*)0,a) = (a,pu(x*)0) = cp a (x*). 

Equivalently, (c a p,A(x)) = (A(x*),cp a ). 

Let T be the unbounded, conjugate-linear operator on C that maps A(x) to 
A(x*); recall that it has a polar decomposition T = Jv / 2 = V -1 / 2 J as in (|2.20p . 

The computation above shows that 

(3.12) c Q/ 3 =f*(cp a ) for all a,0 £ TL si . 

Hence 

(f,0 ■ (K- 1/2 /?,x-V 2 a) = (c^,c«) = (f*p ea> f*cep) 

= <J*V-V 2 ((e|a, J*V-V 2 ((e|/3) - <V-V 3 ((e|^V- l / s ((C|a) 

This implies UfK' 1 = (V-V a ((f|)* V" 1 / 2 ^] = I^V" 1 ^]. The operator If-V" is 
defined independently of £. Hence K cannot depend on £. □ 

Remark 3.13. The operator V generates the modular automorphism group of C?- 
Thus 5 is unimodular if and only V = 1. In this case, we get a scalar formal 
dimension K — ||£|| 2 • id-^, and TL S i = TL for any irreducible square-integrable 
representation. 
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Remark 3.14. If the quantum group Q is compact, then A is the inverse of a bounded 
map C — ► L 1 (G) by Remark 12.151 Therefore, any bounded linear functional on Q u 
extends to one on £, so that any corepresentation of Q is square-integrable. Thus 
Proposition 13.101 and Theorem 13.111 always apply. The two orthogonality relations 
are part of Woronowicz's Peter-Weyl Theorem for compact quantum groups in 

Now we examine the subspace of C spanned by the coefficients of an irreducible 
corepresentation U onTi. 

Let 7i' be the Hilbert space completion of doniK^ 1 / 2 C 7i with the conjugate 
linear C-vector space structure and the inner product 

(£,v) :=s(Z ) r,) = (K- 1 /%K- 1 /*r l ). 

The Second Orthogonality Relation in Theorem 13.111 yields a linear isometry 

^:T-i®U'^C, ^i)Kc, if = ((r]\£. 

We claim that <I> is a bimodule homomorphism with respect to canonical ^-bimodule 
structures on H <g> H' and C. 

The bimodule structure on C is given by the left regular representation and the 
right regular anti-representation: 

(3.15) x ■ £ ■ y := X(x) o p(y)(£) for x, y G G, £ G C, 

with p defined in (|2.22[) . The bimodule structure on TL <E> HI is defined by 
x-{£®r])-y '■= Pu(x)(£) <8>pu{vi/i(y)*)(v)- 

for x 6 G, £ G H, i] 6 H', y G domo-^. 

The equivariance of established in Lemmas 13.61 and 13.91 shows that 4> is 
compatible with these bimodule structures. As a consequence, the right action of 
domcry 2 extends to a *-anti-representation of G because this happens on C and $ 
is isometric. 

We may turn the (/-bimodule structures above into (/-bicomodule structures, and 
then $ is a homomorphism of f/-bicomodules. More precisely, the left (y-module 
structure corresponds to a coaction of G, the right (/-module structure corresponds 
to a left coaction of G or, equivalently, a coaction of the opposite quantum group G op , 
that is, of G with the opposite comultiplication. The left and right coactions of G 
commute because the corresponding actions of G commute. 

Let Pu : C — > C be the projection onto the range of Since $ is a bimodule 
homomorphism, its range is a sub-bimodule, so that Pu is a bimodule map with 
respect to the left and right regular representations. Equivalently, Pjj belongs to 
the commutants of both \{G) and of p{G). Since \{G)" and p(G)" are commutants 
of one another, this means that Pu is a central idempotent in the von Neumann 
algebra completion \(G)" of \{G)- 

It is not hard to see that Pu acts on a square-integrable corepresentation of G 
as the projection onto the J7-isotypical subspace. 

Since the representations of G on TL and TL' that we use above are both irreducible, 
the commutant of the left module structure on H^H' is M(H') acting by T t-y l<g>T, 
and the commutant of the right module structure is M(H) acting by T i— * T <g> 1. 
Using $, we see that 

(3.16) PuKQ)" = B(H), Pup(G)" = M(H'). 

The First Orthogonality Relation shows that these copies of M(7i) for non- 
equivalent irreducible square-integrable representations are orthogonal. 

Conversely, let P be a central projection in \(G)" with PX(G)" — M(7i) for some 
Hilbert space H, then Pp(G)" is of type I as well, and the range of a minimal 
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projection in Pp(G)" is an irreducible representation of \(G)" because its commu- 
tant is C by construction. The central projection associated to the corresponding 
irreducible square-integrable corepresentation of Q is exactly P. As a result, we get 
a bijection between the set of equivalence classes of irreducible square-integrable 
corepresentations of Q and the set of direct summands of type I in the direct integral 
decomposition of the von Neumann algebra A (£?)". 

So far, we have worked rather consistently with representations of Q n . In later 
sections, we will be equally consistent in using corepresentations of Q. To see the 
connection between the two approaches, we reformulate Definition 13.21 in terms of 
the coaction A v : H -> M(H ® G) ■= B(£, H <E> Q): 

Lemma 3.17. A vector a G is square-integrable if and only if (Ajj(a), (3 ® lg)g 
belongs to domA for all G 1~L, and in this case c a p — A((A[/(a),/3 <E> lg)g)- 

Here we write (x, y)g := x* o y e M(G, G) = M(G) for x,y £ M{H ® G)- 

Proof. Recall that the map A is defined so that A(xip) = A(x) for all x G G with 
xip E L 1 ^)- Hence 

(cap,A(x)) = {c a p,k{x<p)) = c a</ 3(x(p) = (f3,pu(xip)a). 

By definition, 

(f3, pu(xLp)a) = ([3, (id ® xip)Au(a)) 

= ip{{j3®lg,Au(a))g-x) =ip({Au(a),f3®lg) g -x). 
If (A[/(a),/3 ® lg)g G domA, then we can rewrite this as 

(P,pu(x<p)a) = (A({Au(a),0®lg)g),A(x)), 

so that a is square-integrable and c Q/ 3 = A((A[/(a), /3 ® lg)e)- 

Conversely, suppose that a is square-integrable and let y := (Ajj(a),f3 <8> le)c; 

for some /3. By assumption, a; i— > (f3, pu(xip)a) = ip(y*x) is bounded with respect 

to ||A(x)||. It remains to check that this implies y £ domA. 
If a € domA n doni(7_i, then ya G domA as well and 

||A(j/a)|| 2 = <p(a*y*ya) = V {y*yaa^{a*)) < C \\ A{yaa. i {a*)) \\ < C\\a\\ ■ \\A(ya)\\ 

for some constant C, so that ||A(j/a)|| < C\\a\\ for all a G domA. Since domA is 
strictly dense in A^(^) we may choose an approximate unit (itj)jgj in domA. Then 
(yiii) converges towards y. Our estimate shows that A(yui) converges as well. Since 
the operator A is closed, this implies y G domA as asserted. □ 

Recall that Ajj(a) — U(a ® lg). Hence we can further rewrite 

c af3 =A({Au(a),(3®lg)g) =A((U(a<8>lg),P»lg)g). 

It is shown in [TT] that f*(A(x)) = A(S(x*)), where S is the antipode of G- 
Hence the reflection formula (|3.12p is equivalent to 

(U(a (8) 1), P 8) l)g = S((a <g> 1, U(/3 ® for all a,pe H*. 

4. Integrable coactions 

In this section, we define and study integrable coactions of locally compact quan- 
tum groups on C*-algebras. The main object of interest here is the unbounded map 
(id £§> ip) o Ab , where cp is the Haar weight on G and Ab G Mor(B,B®G) is a (right) 
coaction of a locally compact quantum group (G, A) on some C*-algebra B, that 
is, a non-degenerate *-homomorphism A^: B — > M(B ® G) with 

(A B ® id) oA B = (id ® A) o A B . 
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For a group action, (id ® ip) o becomes the map B 3 x i— » J G g ■ x dg, where 
the integral is interpreted unconditionally in the strict topology (see [1]). Therefore, 
we call this map the averaging map. Unless the quantum group (Q, A) is compact, 
the averaging map is unbounded, and its domain of definition may be small. By 
definition, integrability means that it is densely defined. 

We are going to develop tools to check whether a coaction is integrable. They 
show, in particular, that dual coactions and stable coactions are integrable. But 
first, we rigorously define the averaging map, using slices with weights as described 
in O §3]. We only recall this construction briefly here. 

The Haar weight is lower semi-continuous by definition. As such, it is a limit of 
an increasing net of bounded weights. More precisely, we define a partial order for 
weights on Q by u> <C ip if there is r G (0, 1) with u> < r ■ ip. Then the set 

Sub(^) := {V> G G*+ | v « </>} 
with partial order -C is a directed set, and 

(4.1) tp(x) = lim tp(x) 

for all x £ Q. Even more, (|4.1|) is used as a definition to extend tp to the multiplier 
algebra A4(Q) or to suitable von Neumann algebras. 

Given another C*-algebra B, we let dom(id®i,c) + be the set of all x 6 A4(B(£)Q) + 
for which the net (id® V)( a; )?/ieSub( ¥ )) converges in A4(Q) in the strict topology, and 
we define 

(4.2) (id ® tp)(x) := lim (id <g) ip)(x) for all x G dom(id (g> p) + ■ 

■0eSut>(ip) 

As usual, we let dom(id <£> ip) be the linear span of dom(id <g) <p) + and extend id <E> ip 
linearly to dom(id ® ^). Equation (14. 2|) remains true for x G dom(id ® but 
if x is not positive, then it is unclear whether convergence in (|4.2p suffices for 
x G dom(id (£> <^). 

Definition 4.3. Let A B : _B — > M(-B ® 5) be a coaction of Q on We call 
a positive element a; G M.(B) + integrable if A.g(x) belongs to dom(id (£> tp), and 
we denote the subset of integrable elements in A4(B) + by A4(B)^ . Elements in 
A4(B)i := span M{B)f are also called integrable. We define 

Av: M(B)i -> 7W(S), x ^ (id ® y?) o A B (x), 

and call this map the averaging map for the coaction Ag on _B. 
We also let B+ := M{B)+ n fl and flj := spanS+. 

Although we are mainly interested in the restriction of Av to B, working with 
multipliers all the time creates no additional problems and is sometimes useful. 
Even for elements of B we use strict convergence to characterise integrability. The 
relevant nets are almost never norm convergent. 

Example 4.4. We consider the standard coaction of a locally compact quantum 
group (G, A) on itself. More generally, the same argument works for B = D (g> Q 
and Ab = idn <E) A. The strong form of the left invariance of the Haar weight in 
[TT| Proposition 3.1] asserts that 

(id_D®g ® ip) o A B (x) = (idx> ® ip)(x) ® lg 

holds for all x G ® ^) + , where both sides belong to the extended positive 

parts of suitable von Neumann algebras. For our purposes, the important point is 
that one side is bounded if and only if the other one is. Therefore, 

(4.5) M{D®Q)f =dom(id(gs </>)+, M(D <8> G)i = dom(id <g> <p), 
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and Av(x) — (ido <8> f)(x) <g> lg for all x £ (D <£> G)i- In the special case D = C, we 
get 

(4.6) M{G)f = dom</J+, M(G)i = dom ip, 

and Av(x) = lg ■ <p(x) for all x £ dom ip. 

The properties of the slice map id®y> and its domain listed in §3] immediately 
imply the assertions in the following lemma: 

Lemma 4.7. The subset of integrable elements A4(B)i is a hereditary * -subalgebra 
of M(B), that is, it is a * -subalgebra and < x < y and y £ M.(B)i imply 
x £ M(B)i. If x £ A4(B)i, then the net (id® ip)As(x) for ip £ Svh(cp) converges 
strictly towards Av(x). Conversely, if x £ A4(B) + is a positive multiplier and the 
net (id <8> ip)As(x) for ip £ Sub(ip) converges strictly, then x is integrable. 

Proof. Since dom(id ® ip) is a hereditary *-subalgebra and is a homomor- 
phism, M(B)i is a hereditary *-subalgebra. The convergence of (id (g) iP)Ab(x) 
towards Av(x) for x £ A4(-B)j follows immediately from the definitions, see also 
9, Lemma 3.8]. The converse statement that convergence of this net implies inte- 
grability holds because a positive element of M.(B ® G) belongs to dom(id ® <p) if 
and only if it belongs to dom(id <g> <p) + ; this uses that dom(id ® p) + is a hereditary 
cone. □ 

Recall that a right coaction of G yields a left C?*-module structure on A4(B) via 
ip * x = (id (8> iP)Ab{x). In this notation, Av(x) becomes the limit of ip * x for 
ip £ Sub(ip), so that we may also write Av(x) = ip-kx. 

Let x £ M(B) + . Then ( - 0*^)^eSub( v ) 1S an increasing net of positive multipliers. 
For such nets, there are several equivalent ways to express strict convergence. 

First, (ip * x)^ e s u b( v ) converges strictly towards y if and only if b* ■ (ip * x) ■ b 
converges in norm towards b*yb for each b £ B (see jH Result 3.4]). 

Secondly, (ip * x),/, e sub( v ) converges strictly towards y £ M(B) if and only if it 
converges weakly, that is, lim 9(ip * x) — 9(y) for each 9 £ B* (see Proposition 
3.14]). But mere weak convergence of the net ip-kx in some ambient von Neumann 
algebra is not enough: we need the weak limit to be a multiplier of B as well. 

Example 4.8. Let G — Cq(G) for a locally compact group, with the usual comulti- 
plication. Then continuous (y-coactions are the same as continuous group actions 
of G. Bounded positive linear functionals on G correspond to bounded measures 
on G. The functionals in Sub(^>) are those that have the form / i— > J G f(g) -w(g) dg 
for a function w £ L 1 (G) with < in < 1 — e for some < e < 1; we denote this 
functional by wdg. We have wdg <C w' dg if and only if w < (1 — s)w' for some 

< E < 1. 

If B carries a G-action and x £ B, then w dg-kx — J G (g • x)w(g) dg. Integrability 
means that this net converges strictly; its limit is Av(x) = J G g ■ xdg. From this, 
it is easy to see that our definition of integrability agrees with the usual one in the 
group case (see [IB]). 

Example 4.9. Let (G, A) be a compact quantum group. Then the Haar weight <p is 
itself bounded. Hence any coaction of G is integrable with B\ = B. 

Not surprisingly, the range of the averaging map contains only 5-equivariant 
multipliers of B: 

Lemma 4.10. Let x £ A4(B)i. Then Av(x) £ Ai(B) is G-invariant, that is, 
A B (Av(x)) = Av(x) (g) lg. 
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Proof. We compute 

A B (Av(af)) = (A B ®(p)A B (x) = (ids ® idg ® <p)(A B ®id g )A B (a;) 

= (id B (8) idg ® ¥>)(id B (g> A)A b (.t) = (id s ® ^)A s (a;) ® 1 = Av(x) (8) l e , 

using the coassociativity of the coaction on B and the left invariance of the Haar 
measure in the strong form (id B <8 idg ® tp) o (id B ® A)(x) = (id B ® ¥>)(a0 ® lg (see 
[TT1 Proposition 3.1]). To justify the first three equalities, we should replace tp by 
a limit over tp 6 Sub(<p). □ 

Next we study how integrability behaves with respect to the action of Q* . For 
group actions, the subspace of integrable elements is G-invariant; but the G-action 
on the space of integrable elements does not integrate to a module structure over 
L 1 (G) because the modular function intervenes. Therefore, it is to be expected 
that the modular element of the locally compact quantum group (Q, A) appears at 
this point. Recall that the modular element 5 is an unbounded multiplier affiliated 
with Q that is characterised by the property that the unbounded weight 

tp 5 = S 1/2 ipS^ 2 : x i — ► <p{5 1/2 xS 1/2 ) 

is a right invariant Haar weight on Q, that is, ip$-kLo = ip$ •w(l) for all u) G Q* . The 
modular element is group-like, that is, A(S) — 5 (g> S. This implies A(6 t ) = 5* <8> <5* 
for all t G R. 

Lemma 4.11. Let x G A4(B)i and letuj G Q* be such that the weight oj$ = S^lvS 1 / 2 
is bounded as well. Then lu * x E A4(B)i and Av(lo -kx) — u>(8) ■ Av(a;). 

Proof. We may assume without loss of generality that x and lj are positive, the 
general case follows by polarisation. Then lo*x is also positive. Thus we must show 
that the net ip*(u>*x) for tp G Sub(y>) converges towards u>(8)Av(x) = uj(S) ■ (tp-kx). 
Since the convolution * is associative, this boils down to the convergence of weights 

lim tp -k lu — lu(S) ■ ip. 
ipeSub(<p) 

Let y G Q+ satisfy S'^yS 1 / 2 G domtp C Q. Using A(S^ 2 ) = £V= <g an d t he right 
invariance of tp$, we get 

lim tP*u{8 1 l 2 y5 1 l 2 )= lim ® w 5 )(A(y)) 

^SSub(i^) V6Sub(ip) 

= (y> a (gi id)A(y) = w s (l g ■ tp 5 (y)) = w(5) ■ (p(S 1/2 yS 1/2 ). 

Hence (tp * ^-O^gSub^) converges towards w(<5) • on a dense subset of Q. This 
implies the assertion because this net of weights is increasing. □ 

Lemma 4.12. Let A B be a coaction of a locally compact quantum group Q on a 
C* -algebra B. The following statements are equivalent: 

(1) B\ is norm dense in B; 

(2) _Bj + is norm dense in B + ; 

(3) M(B)\ is strictly dense in M(B); 

(4) M(B)f is strictly dense in M{B) + ; 

If, in addition, B is a-unital, then (l)-(4) are also equivalent to: 

(5) -B; + contains a strictly positive element of B: 

(6) there exists a strictly positive integrable multiplier. 

Proof. The equivalences (1) ■<=>• (2) and (3) <==> (4) follow because M(B)f is 
a hereditary cone in A4(B), and (2)=>(4) follows because B is strictly dense in 
A4(B) and the strict topology is weaker than the norm topology. 
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Now we check that, conversely, (4)=^(2). Let x G A4(B)^ and y G B + , then 
x~l 2 yx x l 2 < x 1 ^ 2 \\y\\x 1 ^ 2 = \\y\\ ■ x, so that x 1 l 2 yx 1 l 2 is integrable as well. If Ai(B)^ 
is strictly dense in M(B) + , then the set {x 1 ^ 2 yx 1 / 2 \ x E A4(B)f,y G B + } is 
norm-dense in £? + and consists of integrable elements. Thus (4) implies (2). 

A similar argument shows that (6) implies (2) because x^ 2 Bx^ 2 is dense in B 
if re is a strictly positive multiplier of B. Since (5)^=^(6) is trivial, it remains 
to check that (2) implies (5) if B is er-unital. This ensures that B contains a 
strictly positive element h. By integrability, there is a sequence (x n ) n< =n of positive 
integrable elements that converges towards h. Then ^ X n x n is strictly positive for 
any sequence of strictly positive numbers (A n ). Choose (A„) to decay so rapidly 
that both ^A„||x n || and A n ||Av(x n )|| remain bounded. Then ^ X n x n is again 
integrable, and it is also strictly positive. □ 

Definition 4.13. The coaction Ab on B is called integrable if the equivalent con- 
ditions in Lemma T4. 121 are satisfied. 

Proposition 4.14. Let B and D be C* -algebras with coactions Ab and Ajj of 
(Q, A), and let tt: A4(B) — > Ai(D) be a Q-equivariant, strictly continuous, positive 
linear map that is non- degenerate in the sense that tt(B + ) ■ D is dense in D. 

Then n(M(B)i) C M{D) U and 7r(Av(a;)) = Av(tt(x)) for all x G M{B\. As a 
consequence, if B is integrable, so is D. 

In most applications, tt is the strictly continuous extension of a non-degenerate 
equivariant *-homomorphism B — > A4(D). We allow more general maps to prepare 
for Proposition [631 which characterises integrable coactions by the existence of an 
equivariant, non-degenerate, completely positive map Q — > A4(B). 

Proof. Since tt is Q-equi variant, nty-kx) = ip-kirix) for all x G A4(B), tp G Sub(i^). 
Since tt is strictly continuous and positive, this shows that tt(x) is integrable once x 
is and that ir intertwines the averaging maps for B and D. 

Now let (B, Ab) be integrable, that is, B^ is dense in B + . Then the set of 
ir(b)dTr(b) with b G B^ , d G D + is dense in D + because n is non-degenerate. Since 
tt{B+) C M{D)f and M{D)f is a hereditary cone, 7r(6)d7r(6) G M{D)f for all 
b G B+, d G D+. Hence D+ = D+ n M(D)+ is dense in D+, so that (D, Ad) is 
integrable. □ 

Most of the remaining results in this section are applications of Proposition ^. 141 

Corollary 4.15. Let B be a C* -algebra with a coaction Ab of (Q, A) and let L C B 

be a Q -invariant ideal. Equip I and the quotient B/I with the induced coactions 
°f S ■ If {B, Ab) is integrable, so are (I, A/) and (B / 1 , A B /i)- 

Proof. The *-homomorphisms B — > M(I) and B — > B/I are non-degenerate and 
equivariant. Hence the assertion follows from Proposition 14. 141 □ 

Conversely, suppose that the coactions on I and B/I are integrable. If the 
extension I >—> B -» B/I has an equivariant completely positive section, then 
Proposition 14.141 applied to the resulting linear isomorphism I (B B/I — > B shows 
that (B, Ab) is integrable. 

But without extra assumption, an extension of two integrable coactions need not 
be integrable. Group actions on commutative C*-algebras provide counterexamples. 
It is shown by Marc Rieffel in [T5] that a group action on a locally compact space X 
is proper if and only if the induced group action on Cq(X) is integrable. But it is 
possible to get non-proper actions by glueing together proper actions. 
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Corollary 4.16. Let (B, A B ) be an integrable coaction of(Q,A) and let p G M(B) 
be a Q -invariant projection, that is, Ab(p) — p®l. Then the coaction on B restricts 
to a coaction on the corner subalgebra pBp, which is again integrable. 

Proof. Apply Proposition 14.141 to the map x i— > pxp from B to pBp, which is 
completely positive, equivariant, and non-degenerate. □ 

Corner subalgebras are a special case of hereditary subalgebras. But integrability 
does not appear to be inherited by hereditary subalgebras in general. 

We are going to show that dual coactions are integrable. First we briefly recall 
the definition. The two articles [21|T5] use different conventions at this point: the 
dual quantum group is defined using the right instead of the left regular corep- 
resentation in 2\. Here we follow the conventions in [TUHH], so that we get the 
C*-commutant Q c instead of Q, which appears in [2J. 

Let (G, A) be a locally compact quantum group, let B be a C*-algebra, and let 
Ab ■ B — > M.{B ® Q) be a coaction of (G, A) on B. So far, the only assumption 
on As that we needed was that it is non-degenerate and coassociative. To define 
a crossed product, we also require the coaction to be continuous in the sense that 

(4.17) spa5((l s ® £) • A B (£)) =B®g. 

We represent Q and Q on the Hilbert space C as usual, and view B <g> Q as a 
C*-algebra of adjointable operators on the Hilbert B-module B ® L. This extends 
to a "-representation M(B ® Q) — > B(B ® £). Let 

(4.18) Q c := JQJ C M(C) C B(B ® C) 

be the C*-commutant of Q. The continuity assumption (|4.17p implies that 

(4.19) B x r g c := span(A B (B) • (1 <g> <3 C )) = span((l ® G c ) ■ A B (B)) 

is a C*-subalgebra of M(B ® C). This is the reduced C* -crossed product of the 
coaction Ab on B. The dual coaction Ab of C/ c on B x r ^ c is defined by 

A B (A B (a) ■ (1® x)) := (A B (a) ® l e ) • (l B ® A c (x)), 

where A c denotes the canonical comultiphcation on C* c . 

Besides the reduced crossed product, there is the full C* -crossed product B x Q^, 
which is defined to be universal for covariant representations of (B, As) and (Q, A). 
The two crossed products are linked to their constituents by canonical morphisms 

JB G Mor(B, B x Ql), fy. G Mor(^, B x ^), 

f B £ Mor(B, B x r G c ), 4 e Mor(0 c , B x r g c ), 

where Mor(A, B) denotes the set of non-degenerate *-homomorphisms A — > ^(B) 
and (t/ u ,A u ) is the universal locally compact quantum group associated to the 
reduced quantum group (Q, A), see [8]. 

Proposition 4.20. Lei (f/, A) 6e a locally compact quantum group, let B be a 
C* -algebra, and let Ab - B — > M.(B ® Q c ) be a continuous coaction of (Q C ,A C ). 
The associated dual coactions of(Q,A) on the reduced and full C* -crossed products 
B x r Q and J3x5„ are both integrable. 

Proof. The canonical morphisms Q — > M.(B x r ^) and t/ u — * A4(B x C? u ) are 
^-equivariant non-degenerate *-homomorphisms; here we equip C? and (? u with the 
coactions A and (id g> vr) o A u , where 7r: — > is the canonical map, and the 
crossed products carry the dual coactions. By Proposition ^. 14[ it therefore suffices 
to check the integrability of the coactions on Q and Q u . The integrability of (Q, A) 
is Example 14.41 Similar assertions hold for Q u instead of Q: it turns out that the 
following assertions are equivalent for x € Q n : 
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• x is integrable; 

• 7r(x) G G is integrable; 

• tt(x) € domip; 

• x £ dom((/3 o 7r). 

Hence the canonical coaction on Q u is integrable as well. □ 

The next class of examples we consider are stable coactions. Let As be a right 
coaction of (Q, A) on a C*-algebra B. We equip the Hilbert space £ with the left 
regular corepresentation of Q defined in (|2.18[) . Then there is a tensor product 
coaction of (Q, A) on the Hilbert B-module B (g> C, defined by 

(4.21) A B ® c (x) = (l®ZW)(A B ®id c )(x) 

for all x G B (g> £, where £ : Q<E)C-^C®Q is the coordinate flip and W is the 
multiplicative unitary for (Q, A) described in (|2.5p ; this tensor product coaction is 
a special case of [TJ Proposition 2.10]. 

The coaction on B®C induces a coaction on the C*-algebra of compact operators 
K(B tg) C) = B (g> K(£). Coactions of this form are called stable. 

Proposition 4.22. Stable coactions are integrable. 

Proof. We equip Q with the standard coaction A of itself as in Example 14.41 The 
standard representation Q — > B(£) is <7-equivariant with respect to the right reg- 
ular corepresentation V of Q on C because A{x) — V(x (g> 1)V* for all x G Q (see 
[TT1 page 86]). The left regular corepresentation is described, as a right corepre- 
sentation, by the unitary W*. The unitary U = J J that combines the modular 
conjugations of Q and Q provides a unitary equivalence between the left and right 
regular corepresentations, that is, V = (U* ® id)W*(U ® id) (see [HJ Proposition 
2.15]). 

Hence we get a C/-equivariant, non-degenerate *-homomorphism 

g M(B® C) = M(K{B® £)), x^id B ®f7a;C/*. 

The coaction A on ^ is integrable by Example 14.41 Finally, Proposition ^. 141 shows 
that the coaction on ~K(B £g) C) is integrable. □ 

We have chosen to work with coactions of reduced locally compact quantum 
groups (C/,A). Of course, since its universal companion (C? U ,A U ) also has Haar 
weights, we could also define and work with integrability in the universal setting. 
The following result shows that both approaches are equivalent. 

Proposition 4.23. Let A B : B — > Ai(B (g) Q u ) be a coaction of (Q U ,A U ) on a 
C* -algebra B and consider its reduced form 

A B := (id ® tt) o A^ : B -> M(B ® Q) 

where n: Q u — » Q is the canonical map. Then (B, Ag) is integrable if and only if 
(B,Ab) is. Moreover, the spaces of integrable elements in A4(B) with respect to 
both coactions coincide and Av(x) = Av u (a;) for every integrable element x, where 
Av u denotes the averaging map for (B, A B ). 

Proof. Recall that the left invariant Haar weight on Q u is given by f u (x) = ip[Tv(x)j . 
It follows that x € dom(ip u ) if and only if ir(x) £ dom((p). This and [HI Proposi- 
tion 3.14] show that x G dom(ids (g) (p u ) if and only if (ids (g> ir)(x) G dom(ids ® ip), 
and in this case 

(id B <8> <Pu)(x) = (ids (g <^)((id B ® tt)(^))- 
Now the assertions follow. □ 
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5. SQUARE-INTEGRABLE COACTIONS ON HlLBERT MODULES 

Square-integrable coactions on Hilbert modules contain square-integrable corep- 
resentations on Hilbert spaces and integrable coactions on C* -algebras as special 
cases. Thus they combine the two situations studied in Sections [3] and 2] 

First we define coactions on Hilbert modules, following Saad Baaj and Georges 
Skandalis [TJ §2] . Then we define square-integrable vectors in Hilbert modules and 
associate operators ((£ and £}} to them. We provide some examples of square- 
integrable Hilbert modules and study the general properties of the space of square- 
integrable vectors and the operators ((£| and £)}. 

5.1. Quantum group coactions on Hilbert modules. Let (Q, A) be a locally 
compact quantum group and let Bbea C*-algebra with a coaction of Q . Let £ 
be a Hilbert i?-module. We recall the definition and some basic properties of 
coactions on Hilbert modules. We refer to PQ for further details. 

Definition 5.1. A coaction of (Q, A) on £ is a linear map 

A £ : £ -> M(£ ® Q) := M(B ® Q, £ <g) G) 

that satisfies the following conditions: 

• A £ (£ • b) = A £ (£) • A B (6) for all £ e £, b 6 B; 

. (A £ (£), M*/))^*^ := A £ (£)* o A £ (r?) = A B ((£,7,) B ) for all £,r? e £; 

• span A £ (£) ■ (B ® Q) — £ ® Q] 

• (A £ <8> id e ) o A £ = (idg ® A) o A £ . 

The last condition involves extensions of A £ ig) idg and idg ® A to the multiplier 
modules, which exist in the presence of the other conditions. 

We also call a Hilbert S-module £ with such a coaction of (G, A) a Q-cquivariant 
Hilbert B -module. 

Example 5.2. The C*-algebra £?, viewed as a Hilbert module over itself becomes a 
C?-equivariant Hilbert B-module for the given coaction A#. 

Remark 5.3. We follow [3l[T5] and deviate from pQ by not requiring A £ (£ ) • (1 <8> 
and (1 <8> Q) ■ Ag(£) to be contained in £ ® Q. Many of the basic assertions on 
Hilbert module coactions in pQ do not require this conditions. 

It is necessary to drop this condition in order to treat non-regular quantum 
groups because a locally compact quantum group Q is regular if and only if the 
coaction A^ on C from the left regular corepresentation satisfies the condition 
(l<g>£) • A A (£) C£(g>g. 

A coaction on £ induces a coaction on the C*-algebra of compact operators 

A K{£) : K(£) -> M(K(£) ® G), \0(v\ A £ (£) o A £ ( v )*. 

Conversely, a coaction of Q on the (linking) C*-algebra K(£ © _B) that restricts to 
the given coaction on the corner K(B) = B is equivalent to a coaction of (Q, A) 
on £. 

The coaction on K(£ ) extends to a map 

A B(£) : 1(5) -> B(g g) 

that satisfies 

(5.4) A £ (T£) = A B(£) (T)A £ (£) for all T e 1(g), £ e f . 

This extension is constructed easily using a third equivalent description of a coaction 
on £ in terms of a unitary operator 

(5.5) V: £® Ab (B®G) -^£®g. 
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We simply put 

(5.6) A H(£) (T) := V(T ® As id B(sg )V* 

Similarly, the coaction Ag extends to a map 

&M(£) : M{£) := M(B, £)^M{£®G) := M(B ®g,£®g) 

via T i— > V o (T ®a b id_B®e) and the identification B <8>a b (B ®Q) = B <®Q. 

5.2. Square-integrable elements of equivariant Hilbert modules. The fol- 
lowing definition generalises the description of square-integrable vectors for Hilbert 
space representations in Lemma \'3. 171 It uses the slice map 

id® A: M(B ® Q) D dom(id ® A) M(B ® £) 

associated to the map A: Q D domA — > C defined in [10, §1.5]. We will describe 
this map in more detail below. 

Definition 5.7. Let £ be a ^-equivariant Hilbert i?-module with coaction Ag, let 
V: £ <E)a b (B <E) G) — > £ ® Q be the unitary operator that describes Ag. We call 
£ G £ or, more generally, £ 6 square-integrable if 

Am(£)(0*(»7 (8 le) = K ®a b id S0g )*y*(?7 5) 

belongs to the domain of ids ® A for all 77 £ £, and we define 

U\tj:= (id®A)(A A1(e) (e)*(t ? ®l 4 ;)). 

We let A4(5) s ; and £ s j be the subspaces of square-integrable elements. We call 
(£, Ag) square-integrable ii £ s i is norm-dense in £. 

To give meaning to this definition, we must describe the slice map ids ® A and 
its domain. We do this slightly more directly than in §3]. 

Recall that the Haar weight ip is the limit of the increasing net of bounded 
weights (VOveSubM and tnat 

dom(id B (8 <^) + := {x G A4(B ® g) + | 

the net ((id ® VOO^^gSubM m -M(-B) converges strictly}. 

We define 

dom(id B ® A) := {x G M{B ® 5) | G dom(id B ® ^) + }. 
For any ^ G Sub((/?), there is a vector Xi> G £ with 

(5.8) VK^Z/) = {xXif,,yXi>} for all x,y eQ, 

and there is an operator T^, on £ with < < 1 that commutes with Q and 
satisfies 

(5.9) (A{x),T 4 ,A(y)) =tP{x*y) for all x, y G domA. 

The net (T'^,)^, e g 11 b( ¥ ,) is increasing and converges strongly towards id^. The opera- 
tor Tj/j and the vector Xip are related by 

(5.10) T^ 2 A(x) = x ■ X4, for a; G domA 
(see [TU1 Notation 1.4]). 

Lemma 5.11. We have x G dom(ids®A) if and only if the net (x- (l®Xi/>))i/>eSub(vj) 
converges strongly in B(B, B ® C). Equivalently, x ■ (b ® x^) & B ® C converges in 
norm for each b E B. 

This allows us to define (ids ® A)(x) G M(B, B ® £) by 

((id B <g> A)(x))(6) := lim a; • (6 ® x*a) for all 6 G B. 

i/>£Sub(<,o) 
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Proof. If (x ■ (b® XvOj^gSubf ) conver g es in norm for all b G B, then so does 

(x(6 ® ^C 6 ® = & *( id ® ip){x*x)b, 

and this is equivalent to the strict convergence of (id® ip)(x*x) by [HI Result 3.4]. 
Hence x 6 dom(ids ® A). 

Conversely, assume that sc G dom(ids ® A). Let ids ® A' be the map defined 
in 0. Then Result 3.21] yields 

(id (8)^) (id® A' (a;)) • 6 = x • (6® xv) 

for all ^ G Sub(<p), b £ B. Since the net (T^) converges strongly to the identity map, 
so does (ids ® T^). Hence the net x ■ (b ® xv) converges towards id ® A' (a;) • b. □ 

The proof also shows that our definition of id ® A agrees with the one in [5]. 
A direct proof that the net [x ■ (b ® Xv))^, e s u b( v ) m ^ ® ^ converges for all a; G 
dom(ids ® A) is similar to the last part of the proof of Lemma [3.171 

The above definition of id ® A shows that 

(5.12) ((Ch:- (id®A)(A M(£) (0*(r?®l 5 )) = , lim A M(£) (0*(v ® X*) 

for all £ G .M(£) S i- It is clear from this that the map r\ \— » ((£|ry is B-linear. 

Lemma 5.13. Lei £ G .M(£) s i and n E £. Then ((£|?y belongs to B ® £ and noi 
>s£ toM{B®C) :=M(B,B®£). 

Proof. For any Hilbert _B-module, we have £ ■ B = £. Writing r} = rf -b with rf £ £, 
b G B, we get ((£|n = • b by B-linearity. □ 

Example 5.14. The definitions of square-integrable elements and the operator ((£| 
above generalise the corresponding ones for group actions in [121113) . 

To see this, we mainly have to identify the map ids ® A in the case Q = Cq(G) 
for a locally compact group G. We describe Sub(<,o) as in Example 14.81 The map 
ids ® A is defined on a bounded continuous function / : G — > B if and only if the 
net (/ • w)™( g )dgeSub(» converges in L 2 (G,B) := B ® L 2 (G). In [121113] . a net of 
compactly supported continuous functions Xi '■ G — > [0,1] with Xi ~ * 1 uniformly on 
compact subsets of G is used instead of the net of functions w above. But it is not 
hard to see that both types of cut-off functions yield the same unbounded densely 
defined map id s ® A from C b (G, B) to i 2 (G, B). 

Furthermore, A£(£)*(r7 ® 1) for £, r\ G £ is the function g i— * (g ■ £, ?y). Hence our 
definitions of the subspacc £ si and the operator ((£| specialise to the corresponding- 
definitions in [HQ! for 5 = C (G). 

Example 5.15. If the coefficient algebra B is trivial, then we are dealing with corep- 
resentations of the quantum group (Q, A) on Hilbert spaces. In this case, our 
definition of a square-integrable vector agrees with the corresponding one in Sec- 
tion [3] by Lemma l3.17l This provides some examples of square-integrable coactions 
on Hilbert modules. In particular, the left and right regular corepresentations on C 
are square-integrable by Lemma T3. 71 

Example 5.16. Let (Q, A) be a compact quantum group, so that Q is unital and 
the Haar weight ip is bounded. Then the maps id ® <p and id ® A are defined 
everywhere, so that every element of a Hilbert module is square-integrable. Letting 
£1 := A(lg) G C, we have A(x) = x ■ A(lg) = x ■ fl for all x G Q. Hence 

((^ = A a1(£) (0*(t?®O) 

for all £ G M(£), rj G £. 
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Our next goal is to show that the operator : £ — > B <S> C for £ 6 .M(£) s i is 
adjointable and to describe its adjoint. This involves the left C?*-module structure 
on M{£) defined by w*£ := (id <g> w)Ajn( £ )g) for all (je(/*,(e Here we 

use the slice map 

id®w: B(fl<g>£,£ ®G) ->B(B,£) 
for a bounded weight u>. 

Lemma 5.17. If £ G A^(£) s i, ^en t/ie operator £ ^ B ® £ is adjointable, 
and the adjoint operator |£}} := is determined by 

|0) (& 8 A(ar)) = (id s ® <p) {A M{£) (f ) ■ (6 <g> a:)) = (ap * £) • 6 

/or allb £ B, x € dom.fi, that is, xtp is bounded and belongs to L l {Q). 

Proof. If £ € M{£)si, then the graph of the operator : £ — > _B ® £ is closed 
because the unbounded operator id (g) A is closed (see [5] Proposition 3.23]). The 
Closed Graph Theorem shows that is bounded. 
Let b G B and x G dom /i. Then 

{b ® A(aj), ((£|7y) = (6 <8 A(s), (id ® A)(A M(£) (£)*)(ry <8 1)) 

= (id (8 p)((6 ® ar)*A A4 (£)(0*(»7 ® 1)) = ^*( id <8> v)(Aa<(£)(0(1 <8> &))*»? 

= &*((id®£</?)A M (£)(£))*r7 = &*(£</?*£)* 77 = ((a?¥»*0 • M>- 

Hence the adjoint of is defined on 6 £g) A(x) and maps it to (x(p * £) • 6. Since 
B(g)A(dom/i) is dense in B®£ and is bounded, this implies that is defined 
on all of B ® £. □ 

For tp G Sub(^), we may use (|5.8p and (|5.10|) to rewrite 

(5.18) ^(y) = (X*,V = (XV^^A^)) = (T^ X ^,A(y)). 

Hence ids <S> B <S> Q — > fl factors through the map ids A as (ids ® ^>)y = 
(1 ® T^ /2 xv-, (ids <8> A)(j/)>; here we use 1 (g> G M(£ <g £) := B(B, B ® £), 

and the inner product actually means that we apply the adjoint of this operator to 
(ids ® A)(y) G B <g> £. Using this notation, we may write 

(5.19) |0>(aO= M (l^^.A^^^W) for all x G £ ® £. 

This formula works for all elements of -B ® £, not just for elementary tensors. 

Proposition 5.20. Let £, 77 G A4(£)si and consider £ o 77* G B(£) = .M(K(£)). 
Then £07]* is an integrable multiplier o/K(£) and Av(£ o 77*) = |£}}((n|. Conversely, 
£* <= A4(K(£)J. /or some £ G .M(£), £/ien £ is square-integrable. 
In particular, \£)(rj\ G K(£)i /or £,77 G £ s j, and if £ G £, £/ien £ G £ S i */ and on^?/ 

tf|0<£|eK(£),. 

Proof. By polarisation, we may assume without loss of generality that £ = 77. We 
have to show that £ G -M(£) is square-integrable if and only if £ o £* is integrable 
and that Av(£ o £*) = Recall that £ is square-integrable if and only if 

Af(£)*(C ® lg) belongs to the domain of ids <S> A for all C G £. By definition, this 
is equivalent to (£® lg)*A£(£)Af:(£)*(£<8) lg) G dom(ids ® This is equivalent 
to strict convergence of 

(ids ® v)((c ® i e )*A £ (e)A £ (o*(c ® is)) = c • (id, (£) ® vo(M&*)) • c 

for ^ G Sub(y), still for all C G £. Using [9j Result 3.4], this is equivalent to norm- 
convergence of • (idiqg) (8 i/>)(A £ (££*)) • £6 for all b E B, for all C G £; using a 
variant of [9, Result 3.4], whose proof is similar, this is equivalent to convergence 
of (id K ( £ ) ® V)(A£ (££*)) in thc strict topology on B(£) =M(K(£)). By definition, 



SQUARE-INTEGRABLE COACTIONS 



23 



this means that ££* is integrable. Thus £ is square-integrable if and only if ££* is 
integrable. 

Our computation also shows that (C, |£))((£IC) B = (C> Av(££*)().b for all ( G £ 
if £ is square-integrable. This implies = Av(££*) by polarisation. If £, 77 S £, 

then £77* = so that we get the assertions in the second paragraph. □ 

5.3. Conditions for square-integrability and examples. 

Proposition 5.21. A coaction on a Hilbert module £ is square-integrable if and 
only if the induced coaction on ]K(£) is integrable. 

Proof. If £ is square-integrable, that is, £ s i is dense in £, then the elements |£}(?7| 
for £, j] G £ s i span a dense subspace of K(£ ). Since these elements are integrable by 
Proposition l5.201 K(£ )j is dense in K(£ ), that is, the coaction on K(£ ) is integrable 
(see Lemma f4 . 1 2 1) . 

Conversely, assume that the coaction on K(£) is integrable. Then K(£) contains 
a strictly positive integrable element T by Lemma [4.12l Since the positive integrable 
elements form a hereditary cone, T^^T = |T£)(T£| is integrable for all £ G £, 
so that T£ is square-integrable again by Proposition 15.201 The strict positivity 
of T means that the range of T is dense in £. Since the range of T consists of 
square-integrable elements, these arc dense in £ . □ 

Example 5.22. Let £ — B viewed as a Hilbert B-module. The given coaction on B 
turns this into a C?-equivariant Hilbert -B-module. Since the natural isomorphism 
K(B) = B is C?-equivariant, Proposition 15.211 shows that B is square-integrable as 
a Hilbert i?-module if and only if the coaction on the C*-algebra B is integrable in 
the sense of Definition 14.131 

Examples 15.151 and 15.221 show that square-integrable coactions on Hilbert mod- 
ules contain both square-integrable Hilbert space corepresentations and integrable 
coactions on C*-algebras as special cases. 

Proposition 5.23. Let B and D be C* -algebras equipped with coactions of a locally 
compact quantum group (Q,A), let £ be a Q-equivariant Hilbert B-module, and let 
n: D — * B(£ ) be a Q-equivariant, non-degenerate * -homomorphism. If the coaction 
on D is integrable, then £ is square-integrable. 

Proof. The coaction on K(£) is integrable by Proposition 14.141 This is equivalent 
to square-integrability of £ by Proposition l5.21t □ 

As in Proposition 14.141 we may replace 7r by a positive, strictly continuous, non- 
degenerate linear map A4(D) — > M(£). 

Proposition 5.24. Let B be a C* -algebra equipped with a coaction of a locally 
compact quantum group. Equip B ® C with the diagonal coaction defined in (|4.2ip . 
Then B ® C is square-integrable. More generally, if £ is a Q-equivariant Hilbert 
B-module, then £ ® C with the diagonal coaction is square-integrable. 

Proof. Tensor product coactions on Hilbert modules are defined in [T]. This spe- 
cialises to (|4.21[) for B (£> C, so that the latter is a C?-equivariant Hilbert S-module. 
Proposition ^. 221 asserts that K(£ ® C) = K(]K(£ ) ® £) is integrable. Hence £ ® C 
is square-integrable by Proposition 15.211 □ 

Proposition 5.25. Let (£j)j e i be a set of Q-equivariant Hilbert B-modules. Let 
£' := ©j e / £j be the Hilbert module completion of the algebraic direct sum of the 
B-modules £j for the obvious inner product := Sje/(£.j j 

The induced coaction of Q on £' is square-integrable if and only if £j is square- 
integrable for each j G I . 
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Proof. The C*-algebra K(£j) for some j 6 / is a corner in K(£'). Using Propo- 
sition 15.211 and Corollary I4.16[ we see that £j must be square-integrable if £' is. 
Conversely, it is straightforward to see that a vector (£i)je.r in £' : = ®£j with 
£j = for all but finitely many j E I is square-integrable if and only if £j E £j 
is square-integrable for all j E I. Hence the square-integrable elements are dense 
in £' if this holds for £j for all j E I. □ 

For a finite direct sum £\ © • • • © £ n , it is easy to see that an element . . . , £ n ) 
is square-integrable if and only if the components £j E £j are square-integrable for 
j = l,...,n. 

It is unclear whether square-integrability is inherited by Hilbert submodules 
that are not complemented. This corresponds to the question whether integrability 
passes on to hereditary C*-subalgebras. 

5.4. Further properties of square-integrable elements. 

Proposition 5.26. The operators : £ — + B (g) £ awe? : B® C £ for square- 
integrable £ are Q-equivariant. 

Here we use the coaction on i? ® £ defined in (|4.21|l . 

Proof. A direct proof of this assertion is possible but somewhat unpleasant because 
the coaction on B (g> £ is complicated. We avoid this direct proof by a trick. Recall 
that |£))((?7| = Av(£*77) for all £,r] E M{£) by Proposition ! 5. 201 This is £-equivariant 
by Lemma l4.10l Replacing £ by £\@£2, we see that the same holds for : £2 — > 

£1 for £ G -M(£i) s i and 77 G A4(£2)si- Now we consider £2 : = B®L with the diagonal 
coaction and use a multiplier of the form 1 b <8> r\ with 77 G £ S i ■ It is easy to check 
that ((1b <E> rj\ = Is ® ((77I in this case, and the equivariance of {(r)\ : £ — > £ is already 
checked in Lemma 13.61 

Summing up, if £ G A4(£) s i, then we know that the operators 

\0){{1b®v\'- B®C->£ and ((1 B <8> 77 1 : £ <8 £ -► B <g> £ 

are ^-equivariant for all r\ G £ s i. Thus 

^e{\tl)i\B®n\h) = (|0}«ls®f?l®la)((AB®id £ )(/i)) 

= (|0)®l e )(A £ (((lB®?7l^)) 

for all h E B <g> £. 

We claim that the sum of the ranges of the operators ((1b ® Tj\ — 1b ® ((^| for 
?7 G £ S i is dense in B ® £. Hence 

A £ (ie»*) = (io>®io)A B 0£(fe) 

holds for a dense set of /c G -B (g> £ and hence for all fc G £ by continuity. This 
shows that |£}} is C?-equivariant. Hence so is its adjoint ((£|. 

It remains to check the claim above. It suffices to prove that the ranges of the 
operators ((77 1 for r\ G £ s i span a dense subspace in £. This follows easily from the 
non-degeneracy of the right regular representation of Q on £ and the computations 
in the proof of Lemma l3~TI □ 

Lemma 5.27. IfTE M(£) is Q-equivariant and £ G Ai(£) s i, then 

T£ G M(£)si with ((T£\ = ((£| o T*, |T0)=To|£». 



Proof. Since T is equivariant, Ag(T£) = (T ® lg)Af (£), so that we may rewrite 
Af(T0*( ? 7 ® Is) = ^e(0*( T *V ® lg)- This implies the assertions. □ 
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Lemma 5.28. The subspaces A4(£) S j C M.{£) and £ sl C £ are both complete with 
respect to the norm 

wzu ■= u\\ + mail- 

Proof. This is the graph norm for the unbounded linear map £ i— > £)}. Hence 
the assertion boils down to the claim that this operator with domain A4(£) S i or 
£ S i = hA{£ ) S j n £ is closed. This is true because A^g) is bounded and ids A is 
closed by Result 2.3]. □ 

Lemma 5.29. Let £ G M(£) si and beM(B). Then 

£-b£M(£) si with «e-6| = A B (6)*o«e|, |e-6)) = |0>oA B (6), 

where we represent A B (b) G A4(B® Q) on B®C using the standard representation 
of Q on C. 

Proof. The subspace dom(id_e <8> A) is a left ideal in M{B ® Q) because the subset 
dom(ids <8> f) + is a hereditary cone (see also [9]). Furthermore, ids <g> A is a left 
module homomorphism. Using Ag(£ • 6)* = A B (&)*Ag(£)*, we get £ • b G A4(£ ) s i 
and 

((£ - folr? = (id B ® A)(Ag(£6)* • (r, ® lg)) = (id B ® A)(A B (6)* ■ Ag(£)* ■ fa (8 lg)) 

= A B (by(id B ® A)(Ag(0* • (V ® Is)) = A s (6)*«£|r, 

for all ?7 G 5. Hence ((£ • 6| = A B (6)*((£|. The formula for |£ • b)} follows by taking 
adjoints. □ 

Lemma 15.291 can be generalised as follows. Let £\ and £2 be two 5-equivariant 
Hilbert ^-modules, let T G M(£ u £ 2 ) and £ G M(£i) := B(B,£i). All relevant 
Hilbert S-modules embed in £ := £1 ©£2 ®B. We may view T and £ as multipliers 
of K(£). If T is square-integrable as such a multiplier, then Lemma f5 . 291 yields that 
T£ is square-integrable as well and satisfies 

((T£| = A £l (0*((T|, |T0) = |T»A £l (O. 

These formulas originally involve two operators K(£ ) ®£ — > K(£). But it continues 
to hold if we reinterpret T)) as an operator £\ ® C — * £2, Ag^) as an operator 
B ® C — > £\ ® C, and |T£)) as an operator B ® C ^ £2- 

The case £ 1 = £2 is particularly interesting because we may get square-integrable 
operators £\ — > £1 from an equivariant *-representation _D — * B(£i) and square- 
integrable multipliers of L>. As a consequence, .M(-D) s i • -M(£) C A^(£) s i. This 
yields an alternative proof of Proposition 15.241 that only uses square-integrable 
elements, not integrable elements. 

Let £ G A4(£) S i and co G Q* C .M((?). We ask when w ★ £ is square-integrable as 
well and how to describe \uj-k^)). This requires the modular automorphism group 
a : K x Q — > (/ and the right regular anti- representation defined in (|2.22l) . 

Lemma 5.30. Let £ G M(£) S i and uj e Q* Q M{<5). Ifuie dom(<7y 2 ), then 
uj*^eM(£) s i with \uj * £)) = o (ids ® p o oy 2 (u;)). 

Proof. Recall that A(x<^) = A(a;) for x G dom/i. Hence we may rewrite the formula 
for \Q in Lemma[5T7]as |£}} (b ® A(x)) = (x*£) -6 for all b € B, x € Q* ndom(A). 
For these 6 and x, the formula makes sense regardless whether £ is square-integrable 
or not. Hence we may compute \u> * £)) (6 (8) A(x)) . 
Since the product * is associative, we get 

|w * £)) (b ® A(x)) = (x * uj * £) • b = |£}} (6 © k(xu)) . 
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Now we use (|2.23p to rewrite the right hand side as 

|0>(&®/»om/ a (w)A(aj)) = |0>o(idfl®po5- l/a (w))(6® A(au)). 

This yields the asserted formula for \ui * £)) and shows that |w * £)) extends to an 
adjointable operator B ® £ — > £. The adjoint operator must be ((u; * £|, forcing 
w * ^ to be square-integrable. □ 

6. The Stabilisation Theorem 

Now we come to our main result, an equivariant generalisation of Kasparov's 
Stabilisation Theorem for actions of locally compact quantum groups. 

Theorem 6.1. Let (Q, A) be a locally compact quantum group, let B be a C* -algebra 
with a coaction of (Q, A), and let £ be a countably generated Q-equivariant Hilbert 
B -module. Then the following are equivalent: 

(1) there is a Q-equivariant unitary £ © B eg) C°° = B ® C°° ; here B eg) C°° 
denotes the direct sum of countably many copies of the Hilbert B-module 
B® C, and the latter is equipped with the coaction of Q described in (|4.21[) . 

(2) There is an adjointable Q-equivariant isometry £ — > B © C°° , that is, £ is 
Q-equivariantly isomorphic to a direct summand of B Cg> C°° . 

(3) The subspace of square-integrable elements is dense in £ , that is, the coac- 
tion on £ is square-integrable. 

(4) The subspace of integrable operators is dense in K(£), that is, the induced 
coaction on K(£) is integrable. 

For a compact quantum group, £ © B Cg) C°° = B © C°° holds for any countably 
generated equivariant Hilbert -B-module £ because (3) and (4) are automatically 
true. 

The following technical result is used in the proof of Theorem 16. II 

Lemma 6.2. For any Q-equivariant Hilbert B-module £ , we have 

span{(a>*£) • b \ u> G L 1 {Q) 1 f G S, beB} = £. 

Proof. By definition, (<zw*£) • b = (id ® w)(A £ (£) • (6 ® a)) for a e Q, uj G L X {Q), 
£, £, b E B. The definition of a Hilbert module coaction contains the requirement 
that the elements Ag(£) • (b <8) a) span a dense subspace of £ <S> Q- Applying id <8> u, 
we get a dense subspace of £. □ 

Proof of Theorem 16.11 The implication (1)=>(2) is trivial, and the equivalence of 
(3) and (4) is already contained in Proposition l5.21l 

We check (2)=>-(3). Proposition [Oil shows that B ig) £°° = B°° ® £ is square- 
integrable. Direct summands of square-integrable equivariant Hilbert module in- 
herit square- integrability by Proposition l5.25l Hence any direct summand of B(^C°° 
is square-integrable. Thus (2) implies (3). 

Finally, we check that (3) implies (1). If £ G £ is square-integrable, then |£}} is an 
equivariant adjointable map B © C — > £. The formula for in Lemma |5 . 1 71 shows 
that its range contains (x-ip*£) - b for all x G dom^t, b G B. Since the set of x-ip with 
x G dom/z is dense in L 1 ^) and the set of square-integrable vectors is dense in £ 
by assumption, Lemma 16 . 21 shows that the ranges of the operators span a dense 
subspace of £. This implies (1) using a well-known argument by Mingo and Phillips 
(see [2]), which is also used in [T^] to prove the Equivariant Stabilisation Theorem 
for Hilbert modules with an action of a locally compact group. The idea of this 
argument is to construct an equivariant adjointable map B ® C°° — * £ © B ® £°° 
which is injective and has dense range. Then a polar decomposition provides the 
desired equivariant unitary. We refer to p~2l|T4] for further details. □ 
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Proposition 6.3. A countably generated Q-equivariant Hilbert module £ is square- 
integrable if and only if there is a non- degenerate, equivariant, completely positive 
contractive linear map Q — » B(£). 

A coaction of Q on a a-unital C* -algebra B is integrable if and only if there is a 
non-degenerate, equivariant, completely positive contractive linear map Q — > M{B). 

Proof. The two assertions are equivalent by Proposition 15.211 Proposition 14.141 
shows that the existence of a map Q — > M.{B) as in the theorem is sufficient for 
integrability. Conversely, assume that £ is a countably generated, square-integrable 
ty-equivariant Hilbert S-module. The Equivariant Stabilisation Theorem 16.11 pro- 
vides an equivariant adjointable isometry T: £ — > B ® C°° . There are equivariant 
*-homomorphisms tt: Q -> B(£) -> M(B ® £°°). Then the map 

G -► B(£), x i-> T*n(x)T 

has the required properties. □ 

7. Conclusion 

We have extended the theory of square-integrable group actions on Hilbert mod- 
ules to coactions of locally compact quantum groups. This includes basic results 
on irreducible square-integrable Hilbert space corepresentations. Our main result, 
the Equivariant Stabilisation Theorem shows that square-integrable coactions on 
Hilbert modules are closely related to the regular corepresentation and hence to 
stable coactions: a coaction on a Hilbert B-module is square-integrable if and only 
if it is contained in the diagonal coaction on B®£°°, where C carries the left regular 
representation. 

It is remarkable that we do not need the quantum group to be regular or the coac- 
tion to be continuous (continuity of coactions is only problematic for non-regular 
quantum groups, see [3]). 

In the theory of square-integrable group actions, the next step brings in crossed 
products. In the quantum group setting, the issue is whether or not the operators 
((£1 ° \v)) on B ® C belong to the canonical representation of the crossed product 
C*-algebra for sufficiently many square-integrable £, rj. If this is the case, we may 
define a generalised fixed point algebra that is Morita equivalent to an ideal in the 
crossed product. As in [T3], this provides an equivalence between Hilbert modules 
over the crossed products and (/-equivariant Hilbert modules over B with a suitable 
dense subspace. This line of thought is pursued in the first author's doctoral thesis 
and will be published elsewhere. 

References 

[1] Saad Baaj and Georges Skandalis, C* -algebres de Hopf et theorie de Kasparov equivariante, 

A'-Theory 2 (1989), no. 6, 683-721 (French, with English summary). IMR 10109781 
[2] , Unitaires multiplicands et dualite pour les produits croises de C* -algebres, Ann. Sci. 

Ecole Norm. Sup. (4) 26 (1993), no. 4, 425-488 (French, with English summarv tMR 12 35438 
[3] Saad Baaj, Georges Skandalis, and Stefaan Vaes, Non-semi-regular quantum groups coming 

from number theory, Comm. Math. Phys. 235 (2003), no. 1, 139-167. MR 19697231 
[4] Francois Combes, Poids sur une C* -algebre, J. Math. Pures Appl. (9) 47 (1968), 57-100 

(French). IMR 023672TI 

[5] , Systemes hilbertiens a gauche et representation de Gelfand- Segal, Operator algebras 

and group representations, Vol. I (Ncptun, 1980), Monogr. Stud. Math., vol. 17, Pitman, 
Boston, MA, 1984, pp. 71-107 (French, with English summary) . IMR 7317651 

[6] Ruy Exel, Unconditional integrability for dual actions, Bol. Soc. Brasil. Mat. (N.S.) 30 (1999), 
no. 1, 99-124. i MR. 16869801 

[7] Johan Kustermans, KMS weights on C* -algebras (1997), eprint. arXiv: math / 9704 008 1 

[8] , Locally compact quantum groups in the universal setting, Internat. J. Math. 12 

(2001), no. 3, 289-338. IMR 18415171 



28 



ALCIDES BUSS AND RALF MEYER 



[9] Johan Kustermans and Stefaan Vaes, Weight theory for C* -algebraic quantum groups (1999), 
eprint. |arXiv:math/9901063| 

[10] , Locally compact quantum groups, Ann. Sci. Ecole Norm. Sup. (4) 33 (2000), no. 6, 

837-934 (English, with English and French summaries). IMR 18329931 

[11] , Locally compact quantum groups in the von Neumann algebraic setting, Math. Scand. 

92 (2003), no. 1, 68-92. MR 19514461 

[12] Ralf Meyer, Equivariant Kasparov theory and generalized homomorphisms, i^-Theory 21 
(2000), no. 3, 201-228. IMR 18032281 

[13] , Generalized fixed point algebras and square-integrable groups actions, J. Funct. Anal. 

186 (2001), no. 1, 167-195. IMR 18632961 

[14] James A. Mingo and William J. Phillips, Equivariant triviality theorems for Hilbert 
C -modules, Proc. Amer. Math. Soc. 91 (1984), no. 2, 225-230. IMR 7401761 

[15] Marc A. RiefTel, Integrable and proper actions on C* -algebras, and square-integrable repre- 
sentations of groups, Expo. Math. 22 (2004), no. 1, 1-53. IMR 21669681 

[16] Serban Stratila and Laszlo Zsido, Lectures on von Neumann algebras, Editura Academiei, 
Bucharest, 1979. Revision of the 1975 original; translated from the Romanian by Silviu Tele- 
man. [MES26399] 

[17] Masamichi Takesaki, Theory of operator algebras. I, Encyclopaedia of Mathematical Sciences, 

vol. 124, Springer- Verlag, Berlin, 2002. Reprint of the first (1979) edition; Operator Algebras 

and Non-commutative Geometry, 5. MR 1873025 
[18] Stefaan Vaes, A new approach to induction and imprimitivity results, J. Funct. Anal. 229 

(2005), no. 2, 317-374. IMR 21825921 
[19] Stanislaw Lech Woronowicz, Compact matrix pseudogroups, Comm. Math. Phys. Ill (1987), 

no. 4, 613-665. IMR 9011571 
[20] , Compact quantum groups, Symetries quantiques (Les Houches, 1995), North-Holland, 

Amsterdam, 1998, pp. 845-884. IMR 16163481 
E-mail address: alcidesOmtm.ufsc.br 

Departamento de Matematica, Universidade Federal de Santa Catarina, 88.040-900 
Florianopolis-SC, Brasil 

E-mail address: rameyerOuni-math.gwdg.de 

Mathematisches Institut, Georg-August-Universitat Gottingen, Bunsenstrasse 3-5, 
37073 Gottingen, Germany 



